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The strategy

𝑃(1) 𝑃(0)

Item Response Theory models for dichotomous responses:

𝑃 (𝑥𝑝𝑖 = 1|𝜃𝑝) = 𝑐𝑖 + (1 − 𝑐𝑖) [ 1
1 + exp−(𝑏𝑖+𝑎𝑖𝜃𝑝) ]



Modeling Simulation study Take home Appendix

The strategy

𝑃(1) 𝑃(0)

Item Response Theory models for dichotomous responses:

𝑃(𝑥𝑝𝑖 = 1|𝜃𝑝) = 𝑐𝑖 + (1 − 𝑐𝑖) [ 1
1 + exp−(𝑏𝑖+𝑎𝑖𝜃𝑝) ]



Modeling Simulation study Take home Appendix

The strategy

𝑃(𝐴) 𝑃(𝐵) 𝑃(𝐶) 𝑃(𝐷) 𝑃(𝐸)

Nominal Response Model (NRM, Bock, 1972), where each item 𝑖 presents
𝑣 = 1, … , 𝑚𝑖 response categories:

(𝑃𝑝𝑣 = 𝑣|𝜃𝑝) = exp 𝑍𝑖𝑣(𝜃𝑝)
∑𝑚𝑖

𝑘=1 exp𝑍𝑖𝑘(𝜃𝑗) , 𝑍𝑖𝑣(𝜃𝑝) = 𝜁𝑖𝑣 + 𝜆𝑖𝑣(𝜃𝑝)
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The strategy

𝑃(1) 𝑃(0)

𝑃(𝐴 ∣ 0)
𝑃(𝐵 ∣ 0) 𝑃(𝐶 ∣ 0)

𝑃(𝐷 ∣ 0)



Level 1:

𝑃(𝑥𝑝𝑖 = 1 ∣ 𝜃𝑝) = 𝑐𝑖 + (1 − 𝑐𝑖) [ 1
1 + exp−(𝑏𝑖+𝑎𝑖𝜃𝑝) ]

Level 2:
Each item 𝑖 has 𝑣1 = 1, … , 𝑚𝑖 distractors +1 correct response:

𝐷𝑖𝑝𝑣 = {1 if 𝑥𝑝𝑖 = 𝑣,
0 otherwise.

𝑃(𝑥𝑖𝑝 = 1, 𝐷𝑖𝑝𝑣 = 1 ∣ 𝜃𝑝) = 𝑃(𝑥𝑖𝑝 = 0 ∣ 𝜃𝑝)𝑃 (𝐷𝑖𝑝𝑣 ∣ 𝑥𝑝𝑖 = 0, 𝜃𝑝)

= 𝑃 (𝑥𝑝𝑖 = 0 ∣ 𝜃𝑝) [ exp𝑍𝑖𝑣(𝜃𝑝)

∑𝑚𝑖
𝑘=1 exp𝑍𝑖𝑘(𝜃𝑝) ]

𝑍𝑖𝑣(𝜃𝑝) = 𝜁𝑖𝑣 + 𝜆𝑖𝑣(𝜃𝑝)

Suh, Y., & Bolt, D. M. (2010). Nested logit models for multiple-choice item response data.
Psychometrika, 75(3), 454–473. https://doi.org/10.1007/s11336-010-9163-7
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Figure 1: Comparison between 2Parameter Logistic Model (2-PLM), and the
Nested Logistic Model (NLM, Suh & Bolt, 2009)
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Figure 2: Information Functions
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Broader aim of the project

Develop a CAT algorithm able to capitalize on the information pro-
vided by the incorrect responses: They are not just “incorrect”, they
have a meaning and they are informative

More efficient: Less administered items but with a at least
comparable level of estimation accuracy of the latent trait

This study

Estimation precision provided by the nested models under different
conditions, focusing on the low levels of the latent trait:

Is it really useful to consider the information provided by the
distractors?
Is it detrimental to consider the information provided by the
distractor when there is actually no information?
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𝑚1 = 3 +1 correct response (𝑏𝑖 ∼ 𝒰(−2.5, 2.5), 𝑎𝑖 ∼ 𝒰(.90, 1.70)).

Simulation 𝜁1 𝜁2 𝜆1 𝜆2 𝜃
1 𝒰(−2.5, 2.5) 𝒰(−2.5, 2.5) 𝒰(−2, 2) 𝒰(−2, 2) 𝒩(0, 1)
2 𝒰(−2.5, 2.5) 𝒰(−2.5, 2.5) 𝒰(−2, 0) 𝒰(−2, 0) 𝒩(0, 1)
3 𝒰(0, 2.5) 𝒰(0, 2.5) 𝒰(−2, 0) 𝒰(−2, 0) 𝒩(0, 1)
4 𝒰(−2.5, 2.5) 𝒰(−2.5, 2.5) 𝒰(−2, 2) 𝒰(−2, 2) 𝒩(0, 3)
5 𝒰(−2.5, 2.5) 𝒰(−2.5, 2.5) 𝒰(−2, 0) 𝒰(−2, 0) 𝒩(0, 3)
6 𝒰(0, 2.5) 𝒰(0, 2.5) 𝒰(−2, 0) 𝒰(−2, 0) 𝒩(0, 3)

Note: ∑𝑚𝑖
𝑘=1 𝜁𝑘𝑖 = 0, ∑𝑚𝑖

𝑘=1 𝜆𝑘𝑖 = 0

𝐼 = 10, 40

Items with informative distractors

0% 25% 50% 75% 100%
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Full model

For all item
𝑍𝑖𝑣(𝜃𝑝) = 𝜁𝑖𝑣 + 𝜆𝑖𝑣(𝜃𝑝)
with 𝜆𝑖𝑣 ≠ 0

Restricted model on 𝑖

Target item 𝑖
𝑍𝑖𝑣(𝜃𝑝) = 𝜁𝑖𝑣 + 𝜆𝑖𝑣(𝜃𝑝)
with 𝜆𝑖𝑣 = 0

𝑤Full,𝑖 = 1

1 + exp [−𝐴𝐼𝐶restricted,𝑖 − 𝐴𝐼𝐶Full
2 ]

Restricted Full

0 1
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Bias( ̂𝜃) = 1
𝑃

𝑃
∑
𝑝=1

( ̂𝜃𝑝 − 𝜃𝑝) , RMSE( ̂𝜃) =
√√√
⎷

1
𝑃

𝑃
∑
𝑝=1

( ̂𝜃𝑝 − 𝜃𝑝)
2

𝑇 𝐼𝐹(𝜃𝑝) =
𝐼

∑
𝑖=1

⎡⎢
⎣

𝑃𝑝𝑖𝐼𝑖𝑥(𝜃𝑗) +
𝑚𝑖

∑
𝑣=1

𝑃𝑝𝑖𝑣𝐼𝑖𝑣(𝜃𝑗) ⎤⎥
⎦
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Results (𝐼 = 10)



Modeling Simulation study Take home Appendix

75% 100%

0% 25% 50%

0.00 0.25 0.50 0.75 1.000.00 0.25 0.50 0.75 1.00

0.00 0.25 0.50 0.75 1.00
item_10

item_9
item_8
item_7
item_6
item_5
item_4
item_3
item_2
item_1

item_10
item_9
item_8
item_7
item_6
item_5
item_4
item_3
item_2
item_1

AIC Weights



Modeling Simulation study Take home Appendix

2.5

5.0

7.5

10.0

−2 0 2
θ

T
IF

(θ
)

0% 25% 50% 75% 100%

Figure 3: Information Function



Modeling Simulation study Take home Appendix

75% 100%

0% 25% 50%

−4 −2 0 2 4−4 −2 0 2 4

−4 −2 0 2 4

−1

0

1

−1

0

1

θ

θ̂
−

θ

2PLM 2PLNM
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Figure 5: Recovery – RMSE
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Positive outcomes

Attending to the distractors is useful and allows for gaining information
and obtaining better estimates of the latent trait.
The nested nature of these models allows for a direct comparison with
the model used for the dichotomous responses.
With many items: Attending to the distractors does improve the esti-
mation accuracy, but results are less evident than with fewer items.

Limitations & future directions

The latent trait is unidimensional – Also for the distractors
Few works on CAT algorithm based on the NRM, no works on CAT
algorithm based on NLM



Modeling Simulation study Take home Appendix

Appendix



Appendix

Simulation results (𝐼 = 40)
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Figure 6: Information Function
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Figure 7: Recovery – Bias
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Figure 8: Recovery – RMSE
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